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ABSTRACT

Let 7, be the semigroup of full transformation of a finite set and let X,, = {1,2,--- , n}. A transformation @ : Doma C X,, = Im(a) C
X, is said to be full or total transformation if Doma = X,. A transformation 8 € C7, is said to be full contraction mapping if
Vx,y € Doma, [xa —ya| < |x —y|¥x,y € Doma. Let CT, be the semigroup of full contraction transformation and let QC7", be its
quasi-idempotent of full contraction transformation of X,,. In this paper, we characterized quasi-idempotent elements into matching
blocks, non-matching blocks and self matching blocks of C7,, and later come up with a strong and useful theorem.
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1. INTRODUCTION

Let X,, = {1,2,...,n}. A (partial) transformation @ : Doma C
X, — Ima C X, is said to be full or total if Doma = X,,; oth-
erwise it is called strictly partial. The fix of a is denoted and
defined by F (@), where

| F(a) |=| {x € Doma : xa = x} | . (D)

Let X, = {1,2,---n} be a finite set and let 7,, and C7,, be a
full transformation semigroup and a semigroup of full contrac-
tion mapping on X, respectively. A transformation @ : Doma C
X, — Im(a) C X, is said to be full or total transformation if
Dom @ = X,,. The set of full transformation of X,,, denoted by 77,
more commonly known as the full transformation semigroup is
also known as the full symmetric semigroup with binary com-
position of mapping as the semigroup operator defined on it.
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Adeshola and Umar [1] defined a transformation @« € C7 , to
be full contraction mapping if ¥V x,y € Dom a,

xa —ya| < |x —y|Vx,y € Doma. 2)

The theory of finite semigroups has been of importance in the-
oretical computer science since the 1950s because of the link
between finite semigroup and finite automata via the syntac-
tic monoid. Another certain importance and interesting concept
such as the concept of idempotent rank, nilpotent rank, etc, de-
veloped largely independently. Some years back, Garba et al.
[2—-4] worked on products of idempotent and quasi-idempotent of
transformation semigroup. In the past few years, Adeshola and
Umar [1] worked on combinatorial results for certain semigroup
of full contraction mapping of a finite chain which is another in-
teresting aspect of semigroup where much research have not been
carried-out. See Online Encyclopedia of Integer Sequence [7].

An element « of semigroup S is an idempotent if @ = o?.
Clearly, a full transformation semigroup « is idempotent if and
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only if
F(a) = Im(e), 3)

where F(«) is the set of all fixed point of the transformation and
Im(a) is the image set of the transformation.
The fix of a transformation 3 is defined and denoted by

F(a) = |F(B)| = x € Dom(B) : x8. 4)

Let X, be the finite set {1,2---n} and 7, be the full transfor-
mation semigroup on X,. Then a transformation 8 € 7, will be
called quasi idempotent if 3 is not an idempotent but 4% is an
idempotent. That is, 8 # 8% = 8*, where

123

Note that § is not an idempotent, but

po(l 23123 ) (123
21 2)\21 2 121
Similarly,
12 3\(1 23 123
ﬁ4=(121)(121)=(121)

Therefore, it shows that g = g*.

In this section, we introduce basic terminologies and defini-
tion of terms. In Section 2 we adopt the methodology involved
in obtaining the results as well as classification through charac-
terization, the matching blocks, non-matching blocks and self-
matching blocks. In Section 3 we present, analyze and discuss
the results, and finally, Section 4 deals with the Conclusion.

Let 8 be a map in C7,,. We define a matching pair of 8 to be
a pair (A;,A;) of blocks of g for which A;8 € A; and A;8 € A;.
The blocks A; and A; will be referred to as matching blocks of S.
If i = j, then we will say that (A;,A;) is a self matching pair and
A; is a stationary block of 8. For standard concepts in semigroup
and transformation semigroup theory, see for example Ref. [5].

2. METHODOLOGY AND CHARACTERIZATION OF
QUASI-IDEMPOTENT SEMIGROUP OF FULL
CONTRACTION MAPPINGS: QCT n

The method of research adopted in this article is by reviewing
necessary and relevant papers on the theory of algebraic proper-
ties of semigroup of full transformation contraction mappings,
sub-semigroups generated by quasi-idempotents in certain finite
semigroups of mappings, please see Garba er al. [2-4]. The
work done is based on characterization of quasi-idempotents
in @ € C7,. In this section, we present a set of theoretic
characterization of quasi-idempotent in @ € C7 ,, as matching
blocks, non-matching blocks and self matching blocks. This will
enable us to identify them among other elements of @ € CT ..

Matching Block

As defined earlier, let 8 be a map in C7,,. A matching pair
of B to be a pair (A;,A;) of blocks of g for which A;8 € A; and
A;B € A;. The blocks A; and A; will be referred to as matching
blocks of 3. For example, let

(L5} {2,3,4}
ﬁ—( 2 ) (©)

We can observe that A;8 € A; and A;8 € A;. Therefore; the map
[ is a matching block.

Non-matching Blocks

As defined earlier, let 8 be a map in C7,,. We define a non-
matching pair of 8 to be a pair (4;,A)) of blocks of 8 for which
A ¢ AjbutA;B € A;orAB € AjbutA;B ¢ A;. The blocks A; and
A; will be referred to as non-matching blocks of 8. For example,
consider

({12} {3,4,5}

we observe that A;8 € A; but A;8 ¢ A;. Also consider

(4,5} {2,3}

we observe that A;3 ¢ A; but A;5 € A;.

Self Matching Blocks
As defined earlier, if

i=J, €))

then we will say that (A;,A;) is a self matching block and A; is a
stationary block of 5.

= ( {5’56} ) (10)
It follows that
A=A, an

Therefore, B is a self matching block.
=; A, is a stationary block.

3. PRESENTATION AND DISCUSSION OF RESULTS

In this section, we present the theoretic characterization of quasi-
idempotent in C7,, this will enable us to identify them among
other elements of C7,. To begin with, we have the following
definitions.

Let 8 be amap in C7 ,,. We define a matching pair of 8 to be a
pair (A;, A;) of blocks of 5 for which A;8 € A; and A;8 € A;. The
blocks A; and A; will be referred to as matching blocks of g. If
i = j, then we will say that (A;,A;) is a self matching pair and A;
is a stationary block of S.

Lemma 3.1. If A; is a matching block of B € CT ,, then A; is a
stationary block of 8.

Proof. Suppose (A;,A;) is a matching pair of blocks of 5. Then
ABE = AP € A;B € A; showing that A; is a stationary block of
ﬁ2

ﬁxamplel:
(L3 {2,4)
s=( 1Y)
> ({13} {2,4)
w1551
Example 2:
({5} {2,3,4)
ﬁ_( 4 5 ),
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[ 11L,5) {2.3,4)
w1

Lemma 3.2. if B € CT ,, consists only of matching blocks(not all
stationary), then B is a quasi-idempotent.

Proof. Suppose € CT ,, is a map containing only matching pair
of blocks and let A; be an arbitrary block of 8; A; is a matching
block of 8 and by Lemma 3.1, A; is a stationary block of 82. Thus
B2 is an idempotent.

Example 3:
({12} {3,4)
ﬁ_( 3 2 )’
(11,2} {3,4}
ﬁz_( 2 3 ),
_( L2} {3,4)
g Y,
~ B =p'
Example 4:
_( {1,4,5) {2,3}
A
[ {L,4,5) {2,3)
182_( 4 3 ),
(11,45} {2,3}
gm0 ).
= 52 =p

Lemma 3.3. Every quasi-idempotent 8 € CT , must contain at
least one matching pair of blocks (either self — matching or non-
Stationary).

Proof. Suppose 8 € CT,, is a map containing no matching pair
of blocks and let A; be any of its blocks. Then there exists a
block A;(j # ©) for 8 for which A;8 € A; and A;8 # A;. Therefore,
AB* = (AP)B € A3 ¢ A; implying that A; is not fixed by 52 and
so % is not an idempotent, contradicting the choice of 8 as a
quasi-idempotent. Hence § must contain at least one matching
pair of blocks.

Example 5:

Example 6:

then we have the following theorem:

Theorem 3.4. Let 5 € CT ,, then B is a quasi-idempotent if and
only if the image of each non-matching block of B is contained in
a matching block of B(or stationary).

Proof. 1If B € CT , contains no non-matching blocks, then the
argument is trivial by Lemma 3.2. Now suppose 8 € C7 , is
a map consisting of both matching and non-matching blocks
in which every non-matching block is mapped into a matching
block, we shall show that g is a quasi-idempotent.

Let

/3=(A1

Ar Ar+1 Ar+2 Ar+s B - B
ay o Ar G Gy ’

Arts—1 bl e bt

where A;---A, are stationary blocks of B,A,.1 - A, are
matching blocks of 8 and B; - - - B, are non matching blocks of
. Alsoa; € Ai(1 <i<r+s)and each bj(1 < j < t) belongs to

one of A’s. Observe that A;8%> = a; foreachi=1,--- ,r + s and
if b; € A;, then (A; U Bj)ﬁ2 = a;. Therefore 8 can be expressed as
,32 — CI Cu Au+l . Ar Cr+] e Cr+\= Ar+v+] o Ar+s
a o ay Ay+1 o Ay Ar+1 e Arty Ar4y+1 cr lpys ?
(13)

with the assumption that A,--- ,A, and A, 1, -+ ,A,4, are re-
spectively the stationary and matching blocks of 8 containing
bisGj = 1,---,t)and foreachi = 1,--- ,u,r + 1,--- ,C; =
A;U(U; B)). The second union runs over each j for which b; € A;.
Then it is clear that 8% is an idempotent and 3 is a quasi- idem-
potent.

Conversely, suppose 8 is a quasi-idempotent. Then by Lemma
3.3 B must contain at least one matching pair of blocks. If all its
blocks are matching, there is nothing to prove. Therefore let 8
contains A;(1 < i < s) and B;(1 < j < t) matching and non-
matching blocks respectively. Let us further suppose, by way of
contradiction, that for some j, B8 € A; for all i. Then either
B;3* € A; for some i or Bjf* ¢ A, for all i. In the former, since
B; ¢ A;, B; is not fixed by 8*. In the latter, B3> ¢ By for some k =
J and again B; is not fixed by . Thus, in both cases 37 is not an
idempotent contradicting the choice of 8 as a quasi—idempotent.

3.1. DISCUSSION OF RESULTS

As our study reads, characterization of quasi idempotent of semi-
group of full contraction mappings, is a new class of semigroup
where much work has not been done. We classified elements
under quasi idempotent of semigroup of full contraction map-
pings into maching blocks, non-maching blocks and self match-
ing blocks. Lemma 3.1 solves problem on matching blocks,
Lemma 3.2 explains only matching blocks not all stationary
while Lemma 3.3 provides solutions on at least one matching
pair of blocks (either self-matching or non-stationary). On this
note, it is important to note that in the course of study, we came
across a feature where the image of each non-matching block of
B is contained in a matching block of S (or stationary). This is
exactly the consequence of equations (12) and (13) of Theorem
3.4.

4. CONCLUSION

Sequel to the results obtained, we can conclude that the contrac-
tion mappings have shown to be an important area of study in the
theory of transformation semigroups and this research has shown



4

Adeshola et al. / NSPS-KWASU-24/Proceedings of the Nigerian Society of Physical Sciences 1 (2024) 88

how to characterize a quasi-idempotent elements in semigroup
of full contraction mappings. Also it is an interesting sector of
transformation semigroups and much research work can still be
done. As earlier mentioned, semigroups of full contraction map-
pings is a new class of transformation semigroups and much re-
search work has not been done. In this work we have only studied
the quasi idempotent of contraction while other sub-semigroups
can still be studied (where applicable). In conclusion, contrac-
tion mappings have appeared to be promising area to study in the
theory of transformation semigroups.
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