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1. INTRODUCTION gradient (CG) method is developed iteratively by:
Optimization entails choosing the best out of numerous possibili- _
ties [1]. Optimization theory is widely applied to optimal control Tatt = X+ @uchn, n=0 @
problems [2, 3]. In this paper, we consider a nonlinear, uncon- where ¢, is the steplength, and d,, is the direction of search. At
strained minimization problem: the first iteration, the direction of search is the steepest descent
one, that is, dy = —go. Consequently, d,, is defined as:
minf (x),x € R", (1)
. dy = —gn + Budy-1, 3

where the objective function f : R" — R is smooth and its gradi-
ent is represented by Vf(x) = g(x). To solve Eq. (1), the conju-
gate gradient method (CGM) is usually employed. The conjugate

where 3, is a scalar known as the CG update parameter. Some
of the most frequently used update parameters are:
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namely, Fletcher-Reeves (FR) method [4], Hestenes-Stiefel (HS)
method [5], Dai-Yuan (DY) method [6], and Polak-Ribiere-
Polyak (PRP) method [7, 8], respectively.

In the above classical CG formulae, the difference between
two gradients is denoted by y,—; = g, — gx-1, ||.|| denotes norm,
T denotes transpose, ||g,|I* = g7 g, and [|g,—1[* = g g,—1. The
convergence characteristics of the aforementioned CG methods
have been investigated in Refs. [9-12], where the FR and DY
methods have been shown to possess strong convergence proper-
ties with modest performances, while the PRP and HS methods
were proven to have better computational performances, which
may not be generally convergent.

Despite the DY method’s strong convergence property, its ef-
ficacy can be affected by the line search technique and parame-
ters used. The convergence may be affected by the precision of
the line search in identifying the step size, and for non-convex
functions, its convergence may be slower, and it could become
trapped in local minima or saddle points [13, 14]. To overcome
the drawbacks of the DY technique, Jiang & Jian in Ref. [15] pre-
sented a new hybrid CGM, called an improved Dai-Yuan method,
where the update parameter is given by

llgall?
d,,{_l (gn - gn—l)’

T
IDY _ |gn dﬂ*1|

n _oT
gn—l

which they proved to be convergent under the strong Wolfe line
search.

Many researchers have developed new methods in response to
the need to produce some CG methods with good convergence
properties that also perform well computationally. The Dai-Liao
type CGM has drawn attention within the CGM family due to im-
provements targeted at improving its convergence features. Dai
& Liao (DL) in Ref. [16] proposed a novel CG approach that can
be deemed an improvement over the HS method by incorporating
the conjugacy condition:

d) yn-1 = —1g} su-1» (8)
with the resulting CG parameter given by

T
&n Ono1 — t8u-1)
B = ’"T—" )
dn,lyn—l

where ¢ > 0.

Nevertheless, as the DL-CG method’s performance is depen-
dent on the parameter ¢, the optimal value of ¢ in Eq. (9) is still
being taken into consideration [17, 18]. Researchers have ded-
icated significant efforts to enhance the effectiveness of the DL
method. For example, the authors in Ref. [17] suggested the
following selections for the parameter ¢ :
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Figure 1. Iteration Profile of the HDYDL Method in Comparison to the
DY, DL, and NM Methods

Salihu et al. [19] employed the optimal choice of the parame-
ter ¢ to modify CG methods using the classical HS and FR meth-
ods, while Lofti & Hosseini [20] presented a new value ¢ based
on a modified BFGS method.

The fulfillment of the sufficient descent criterion:

gld, < —klg*, 0<k<1 (10)

is very crucial to the global convergence of CG methods. Akin-
duko [21] proposed a new hybrid CGM of a Dai-Liao type, which
was proved to fulfill the condition (10) and given by:

T
NM gk Sk-1

k T .
8r—1Yk-1

(1)

Furthermore, Onuoha [22] proposed a new hybrid CG method
with sufficient descent property by combining the DY and DL
methods; the resulting update parameter is given by:

T
HDYDL _ 8&n (gn — t8p-1)

B (12)
dnT_lynfl

Recently, global convergence results for CG methods under
various inexact line searches have been established in Refs. [23—
25]. To demonstrate the convergence of CG techniques, the
steplength ¢, typically needs to meet the strong Wolfe (SW) con-
ditions put forth by Wolfe [26] and provided by:

fo = fur1 = —10ng) dn (13)
and
lg". d,| < vighd,l, (14)

where 0 < n < v < Lfy = f(a).fur1 = f(xn + Qondn)v and
8nt1 = 8(Xn + @udy).

Yousif et al. [27] introduced a criterion that ensures the estab-
lishment of the descent search direction property and the global
convergence of CG techniques under SW line search. Many re-
searchers (see e.g., Refs [28-32]) have demonstrated that several
numerical techniques for unconstrained optimization converge
under the SW condition.

This work aims to examine the global convergence features
of the CGM, following the proposal of Onuoha [22]. Specifi-
cally, it focuses on how much the Dai-Liao-type CGM attains the
global minimum of the objective function. The continuous quest
for optimization techniques exhibiting robust theoretical conver-
gence characteristics and practical efficacy in practical applica-
tions serves as the driving force behind this research.
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Table 1. Test Problems and their Initial Points

S/N  Problem Names Initial Points
1 Extended Block Diagonal BD1 (0.1,0.1,---,0.1),(0.3,0.3,---,0.3),(0.5,0.5,---,0.5),(0.7,0.7,--- ,0.7)
2  MODF COSINE (1./n,1./n,--- ,1./n),2./n,2./n,--- ,2./n),(5./n,5./n,--- ,5./n),(7./n,7./n,--- ,7./n)
3 Diagonal 4 a€,1,---,1,3,3,---,3),65,5,---,5,7,7,---,7)
4 Diagonal 5 (r.1,1.1,--- ,1.1),(1.3,1.3,~-- ,1.3),(1.5,15,---,15),(1.8,1.8,---,1.8)
5 MODF SINE (1./n,1. /n ,1./n), (3. /n 3./n,---,3./n),(5./n,5./n,---,5./n),(1./n,7./n,--- ,7./n)
6 Extended Beale (1,0.8,---,1, 08) (1 2,---,1,2), (2 2,---,2,2),(1,0.6,---,1,0.6)
7 RMODF COSINE at,--- 1) 5,5,---,5), (10 10,---,10),(20,20,---,20)
8 MDF EXPLIN 1 a,,-- ,1),(3,3,~~-,3),(5,5, ,5),(7,7,~~,7)
9 RMDF GENHUMPS 1, 1,--‘ ,1),3,3,--- ,3),(3.5,3.5,-~~ ,3.5),(4.5,45,---,4.5)
10 RMODF SINE a1,---,0,2,2,---,2),3,3,---,3).,7,7,---,7)
11  QUARTC 2,2,- 2) “4,4,---,4), (66 -,6),(8,8,---,8)
12 Partial Perturbed Quadratic (0.5,0.5, ,0.5),(0.7,0.7, - 0.7) ,(09,09,---,09),(1.0,1.0,---,1.0)
13 Generalized Quartic at,---, 1),(0.1,0.1, ,0.1),(0.3,0.3, --+,0.3),(0.5,0.5,---,0.5)
14 Extended DENSCHNB a,1,---,1),(6,5,---,5),10,10,---,10),(15,15,--- ,15)
15 Diagonal 8 a1,---,0,3,3,---,3),(5,5,---,5),(0.5,0.5,--- ,0.5)
16 Diagonal 7 (a,1,---,1),(0.1,0.1,---,0.1),(0.3,0.3,--- ,0.3),(0.5,0.5,--- ,0.5)
17 SINCOS (3,0.1,---,3,0.1),(3,0.5,---,3,0.5),(3,3,---,3,3),(1,2,--- , 1,2)
18  Full Hessian FH3 a€t1,---,1),3,3,---,3),65,5,---,5,7,7,---,7)
19  Extended Tridiagonal-1 2,2,---,2),4,4,---,4),(,5,---,5),(06,6,---,6)
20 HIMMELBG (15,15,---,1.5),(0.1,0.1,--- ,0.1),(0.5,0.5,---,0.5),(0.7,0.7,--- ,0.7)
descent condition (10) where,
ﬁji k:%, cel0,1). (15)
W
’_‘gm Definition 2.1. A CGM is said to be globally convergent if, start-
;‘2 ing from any given initial iterate x, it meets the condition:
= lim [|g, ]| = 0

Figure 2. CPU Profile of the HDYDL Method in Comparison to the DY,
DL, and NM Methods

2. GLOBAL CONVERGENCE ANALYSIS OF HDYDL-CGM

In this section, the global convergence results for the hybrid
method proposed in Ref. [22] are provided. The method was
implemented based on the following algorithm:

ALGORITHM 2.1: HDYDL METHOD

Step 1: Input xg, setn =0, dy = —go.

Step 2: Terminate the algorithm if ||g,|| < 107°.

Step 3: Let d,, be calculated by Eq. (3)

Step 4: Let the step length ¢, be determined by Eqgs. (13) and
(14).

Step 5: Calculate x,, by Eq. (2).

Step 6: Calculate 8, by Eq. (12).

Step 7: Make n := n + 1, and go back to Step 2.

The following lemma is useful for the establishment of the
global convergence of the HDYDL method:

Lemma 2.1 ([22]). The HDYDL method satisfies the sufficient

where g, is the gradient of the objective function f at the point
X

To determine the global convergence of the CG method, the
following assumptions are made:

) £ fxo)) is

Assumption 2.1. The level set w = {x
bounded.

Assumption 2.1 implies that there is a constant B such that:

lgx)<B V x€cw. (16)

Assumption 2.2. In some neighborhood Z of w, f is Lipschitz
continuously differentiable, that is, there exists a positive con-
stant M such that:

lig(a) — gD <Mlla—-bll VY abeZ. a7

Lemma 2.2. Suppose that Assumption 2.1 is satisfied and con-
sider any method of the forms (2) and (3), where d,, is a descent
search direction and ¢, satisfies the SW conditions (13) and (14),
then

(gn dl‘t)
Z lid, ||2 (%)

n=0
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Table 2. Numerical Results for HDYDL, DY, DL, and NM Methods

Number of Iteration Computational time
TP Dim HDYDL DY DL NM HDYDL DY DL NM
1-1 5000 114 116 71 31 2.428 4211 3303  1.771
1-2 5000 34 30 109 75 0.973 1.349 3771 4.652
1-3 10000 118 F F 42 4.748 F F 3.695
1-4 10000 21 21 101 43 0.844 1.212 4491 2.481
1-4 5000 21 21 75 53 0.445 1.144 5294 5.374
1-4 7000 21 21 70 49 0.589 0.868 576 9311
1-4 8000 21 21 50 37 0.681 0.914 3.092 1405
2-1 5000 6 4 F F 0.341 0.278 F F
2-1 6000 6 4 F F 0.126 0.36 F F
2-2 7000 8 4 F F 0.281 0.285 F F
2-2 8000 6 4 F F 0.298 0.135 F F
2-3 9000 8 4 F F 0.261 0.282 F F
2-3 10000 8 4 F F 0.512 0.12 F F
2-4 5000 10 6 F F 0.551 0.205 F F
2-4 10000 8 4 F F 0.308 0.122 F F
3-1 5000 15 15 F 44 0.691 0.922 F 1.943
3-1 10000 15 15 F 45 0.697 0.789 F 2.054
3-2 5000 22 22 36 166 1.013 1.065 1.601 13.302
3-2 6000 22 22 36 167 1.097 1.032 1.904 10.875
3-3 7000 12 12 F 26 1.005 1.432 F 1.676
3-3 8000 12 12 F 26 0.753 2.769 F 1.855
3-4 9000 20 19 41 16 1.259 0.8 3398 1.157
3-4 10000 20 19 33 16 1.165 2.252 3424 1.036
4-1 5000 21 23 164 19 0.644 0.779 511 0992
4-1 6000 21 23 165 19 1.132 0.706 5.144  0.755
4-2 7000 34 47 170 15 1.434 2.153 5.536  0.583
4-2 8000 34 47 172 15 1.501 1.503 5.467 0.625
4-3 9000 9 9 171 31 0.336 0.36 6.251 1.437
4-3 10000 9 9 172 31 0.555 0.264 6.18  1.481
4-4 5000 27 33 169 34 2.241 0.964 5613 1.388
4-4 10000 28 33 F 61 1.285 1.18 F 2911
5-1 5000 1 1 1 1 0.037 0.044 0.015 0.041
5-1 10000 1 1 1 1 0.035 0.029 0.041  0.038
5-2 6000 3 3 3 2 0.083 0.113 0.154  0.085
5-2 7000 1 1 1 1 0.046 0.028 0.032  0.039
5-3 8000 3 3 9 3 0.156 0.123 0.463 0.142
5-3 9000 3 3 7 2 0.156 0.079 0.207 0.072
5-4 5000 3 3 22 10 0.165 0.107 0.752  0.388
5-4 10000 3 3 12 4 0.085 0.081 0.466 0.161
Proof. The Lipschitz condition (17) implies that: Thus,
T
Gt = &)y < ligne = gall o]l < @111 = 51l gy > Brrt —80) 19)
By Eq. ) Twlldnll
e > adn (20)
 |ldy|?

Qondn = Xp+1 — Xn-
Eq. (14) implies that:
Therefore, d ; P , ;
_Ugndl’l < |gn+ld"| S vgndn'

— T p—
(8n1 = 8n)" dp < @ usr = Xall lldall Subtracting gZd, from both sides of the inequalities above we
fw |<pn| ”dn” ”dn” > have:

_ 2
= Wyl ldnll” - —Uggdn _ gy{dn < |g,{+1dn| _ g,{dn < Ug,{dn _ gz,-dm
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Table 3. Numerical Results for HDYDL, DY, DL, and NM Methods (cont’d)

Number of Iteration Computational time
TP Dim HDYDL DY DL NM HDYDL DY DL NM
6-1 5000 109 242 F 1223 8.21 22916 F 82.014
6-1 10000 110 242 F 1243 11.758 42.67 F 158.244
6-2 5000 955 F 34 1206 66.223 F 4485  80.894
6-2 10000 994 F 35 1222 178.082 F 10.181  161.16
6-3 5000 53 45 F 1112  3.673 3.319 F 77.315
6-3 10000 57 46 F 1139  7.542 6.037 F 152.966
6-4 5000 149 57 F 996 13.045 4.163 F 67.648
6-4 10000 149 60 55 1019 25.189 7.835 14.157  140.906
7-1 5000 15 F 40 F 0.832 F 1.593 F
7-1 10000 16 F 40 F 0.568 F 1.682 F
7-2 5000 24 24 126 14 1.021 1.167 3.285 0.463
7-2 7000 24 24 127 14 1.235 1.091 3.879 0.567
7-3 8000 20 9 221 F 0.825 0.462 8.133 F
7-3 9000 20 9 195 27 0.995 0.354 7.285 0.904
7-4 5000 27 F F F 1.189 F F F
8-1 5000 19 16 156 18 0.509 0.597 13.857  1.249
8-1 6000 19 16 157 18 0.822 0.765 11.71 1.444
8-2 7000 29 29 167 12 1.111 1.564 7.583 0.572
8-2 8000 29 29 167 12 1.259 1.49 7.121 0.627
8-3 5000 21 17 16l 18 0.991 2.371 6.961 1.449
8-3 9000 21 17 164 18 2.026 2.185 7.053 2.182
8-4 5000 27 25 198 16 1.859 3.244 10.209  0.599
8-4 10000 27 26 202 16 1.041 3.323 6.902 0.982
9-1 5000 173 F F F 62.419 F F F
9-2 5000 37 37 145 F 1.512 1.287 3.608 F
9-2 6000 37 38 F F 1.533 0.876 F F
9-2 7000 37 38 147 F 1.596 1.048 4.396 F
9-3 5000 18 27 F 12 0.842 0.593 F 0.417
9-3 7000 18 27 132 12 0.623 0.782 4.398 0.411
9-3 8000 18 27 F 12 0.611 1.036 F 0.429
9-4 5000 34 F F F 1.322 F F F
10-1 5000 20 20 40 18 0.676 0.64 1.279 0.956
10-1 10000 20 20 29 40 0.504 0.569 1.072 5.242
10-2 6000 10 10 F 23 0.491 0.271 F 1.509
10-2 8000 10 10 62 23 0.519 0.251 4.69 1.991
10-3 9000 14 16 32 21 0.661 0.596 0.947 1.654
10-3 10000 14 16 32 30 0.867 0.41 0.723 3.439
10-4 5000 20 27 50 14 0.754 0.667 1.887 0.711
10-4 10000 20 38 45 14 0.783 1.815 2.484 0.844
(—v - l)g,{d,, < |g,{+ld,,| — ggdn, Therefore
Thus |d) ya| = —( + Dgld,,

~(u+ Dghd, < |gl, du| - g% d.
w+1Dg, |g,1+] | En which also implies that:

and

dly,|>d"y, > -+ )gld,.
~(+ Dghd, < |gl, du| — gL da, i

< | 8Z+1dn| — | g,fdni , The above inequality, combined with Eq. (20), implies that
< |(gn+l - gn)Tdn| s

_ Ta
<l g, > LTV &1y

.
w iyl
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Table 4. Numerical Results for HDYDL, DY, DL, and NM Methods (cont’d)

Number of Iteration

Computational time

TP Dim HDYDL DY DL NM HDYDL DY DL NM
11-1 5000 1 1 1 1 0.054 0.118 0.033  0.041
11-1 6000 1 1 1 1 0.034 0.031 0.032  0.032
11-2 8000 386 1 173 5 11.382 0.038 4.446 0.2
11-2 9000 391 536 173 5 11.004 11.188 4297  0.231
11-3 5000 337 88 231 5 7.299 2.395 5753  0.211
11-3 7000 350 94 232 5 7.187 2.5 53 0.274
11-4 9000 398 625 242 13 8.493 15.737 6.012  0.777
11-4 10000 402 636 243 13 15.282 15.332 5.937 0.84
12-1 5000 4 3 321 49 0.266 0.17 12.489  2.212
12-1 10000 4 4 1401 51 0.289 0.642 77.692 322
12-2 6000 4 2 311 14 0.361 0.102 14.825  0.575
12-2 7000 4 2 332 46 0.241 0.133 20411 2.083
12-3 8000 4 2 316 12 0.29 0.227 7.536  0.605
12-3 9000 4 4 333 24 0.513 0.393 9.278 1.346
12-4 8000 4 2 317 12 0.294 0.12 7.637  0.579
12-4 5000 4 4 328 50 0.23 0.231 9.193 1.829
13-1 5000 33 38 91 47 1.217 2.459 4.58 1.667
13-1 10000 33 36 F 27 1.389 2.301 F 0.921
13-2 6000 15 14 40 17 1.022 0.885 1.225  0.621
13-2 7000 15 14 37 15 0.961 0.971 1.261  0.527
13-3 8000 20 20 56 18 1.227 1.531 1.996  0.602
13-3 9000 20 20 35 17 1.486 1.267 1.339  0.638
13-4 7000 22 22 41 19 1.486 1.583 1.474  0.723
13-4 10000 23 22 74 19 1.587 1.321 2.564  0.632
14-1 5000 27 29 20 19 0.942 1.192 1.263 1.567
14-1 10000 29 29 20 19 1.055 1.455 1.217 1.587
14-2 6000 45 F 38 F 2.086 F 2.099 F
14-2 7000 46 F 38 F 1.907 F 2.088 F
14-3 8000 41 33 51 25 1.886 1.628 2.888  0.901
14-3 9000 41 33 51 25 1.584 1.75 4.05 0.903
14-4 5000 102 48 F 127 4.327 242 F 4.611
14-4 10000 92 49 34 132 4.292 3.183 2.38 5.011
15-1 5000 21 20 F 15 0.505 1.066 F 0.726
15-1 6000 21 20 F 15 0.765 0.669 F 0.753
15-2 7000 74 F F F 2.883 F F F
15-2 8000 74 F F F 4.422 F F F
15-3 9000 88 F F F 3.626 F F F
15-3 10000 88 F F F 3.245 F F F
15-4 5000 16 16 160 18 0.623 1.002 5429  0.853
15-4 10000 18 18 163 1740  0.653 0.977 5419 73.228
Eq. (13) implies that where
Y= n(l +v)

S &) = f(Xnr1) 2 _UQOng,{dn,

S Em A +v) (gr dn)’

2 b
@ lld,ll

(1 +v) (ghdy)?
o dall?
(ghd,)?
:'y ,
I, lI*

Summing the above from n = 0 to n = m, we have

w

y(gld,)? <

2
lidl| oy

< D) = f G,

= f(x0) = f Gms1),
< fxo) + If KDl
Sf(XQ) +M.
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Table 5. Numerical Results for HDYDL, DY, DL, and NM Methods (cont’d)

Number of Iteration

Computational time

TP Dim HDYDL DY DL NM HDYDL DY DL NM
16-1 5000 91 88 152 F 3.587 2.975 4.979 F
16-1 10000 93 9% 155 F 4.391 3.002 5.437 F
16-2 5000 19 18 151 F 1.749 0.583 5.843 F
16-2 6000 19 18 152 F 2717 0.637 5.044 F
16 -3 7000 14 23 161 F 0.508 0.84 6.114 F
16-3 8000 14 23 162 F 0.637 0.657 6.037 F
16 -4 9000 19 20 170 F 0.644 0.677 6.774 F
16 -4 10000 19 20 171 F 0.623 0.548 6.36 F
17-1 5000 374 391 162 251  17.358 62.973 5.337 9.819
17-1 10000 350 386 58 500 17.382 7.38 2.817 18.486
17-2 6000 58 44 64 175 2.092 1.6 2356 6.177
17-2 7000 96 57 131 175 3.842 1.823 3.861 6.493
17-3 6000 101 123 83 268 4.107 4.097 2742 9.159
17-3 8000 130 127 98 521 5.369 4.47 3.163 18.273
17-4 5000 297 F 69 151 11.634 F 2.127  5.215
17-4 10000 281 F 165 164 14.019 F 6.1 6.265
18-1 5000 30 26 F 20 1.781 1.811 F 1.066
18-1 10000 26 44 F 34 2.891 4.169 F 3.105
18-2 6000 64 60 276 41 3.392 3.584 8.463  2.168
18-2 7000 130 142 F F 8.355 8.793 F F
18-3 5000 43 38 F 21 1.827 2.066 F 1.095
18-3 8000 1002 1017 277 523 99.845 71.096 8.07 37918
18-4 9000 29 36 F 15 1.272 3.322 F 1.389
18-4 10000 42 44 235 25 3.5 4.102 7.07 2515
19-1 5000 87 269 F F 3.085 13.935 F F
19-1 7000 87 269 F F 3.951 13.476 F F
19-2 6000 247 130 F F 6.965 5.525 F F
19-2 8000 245 105 F F 11.264 3.617 F F
19-3 9000 378 290 F F 19.614 10.109 F F
19-3 10000 378 324 F F 12.946 10.138 F F
19-4 5000 242 268 F F 8.629 8.153 F F
19 -4 10000 242 268 F F 7.609 9.501 F F
20-1 5000 431 44 168 4 11.512 1.418 4706 0.163
20-1 6000 440 46 169 4 10.216 1.377 4517 0.181
20-2 7000 28 23 24 67 1.406 0.79 0936 2.217
20-2 8000 29 23 24 67 1.723 0.803 0.752 235
20-3 9000 79 71 3171 3.154 3.692 1.278  2.891
20-3 10000 79 77 31 7 3.385 3.921 1.553  3.102
20-4 7000 955 F 35 5 20.726 F 1.153 0212
20-4 8000 962 F 38 5 19.185 F 1412  0.204

The last inequality follows from Assumption 2.1, indicating that
for each x € w and a positive constant M, |f(x)| < M. Therefore,
forall m > 0,

. i (grdn) .

W (f(X()) + M) < 00.
n=0 n

1
Y
Thus, proving Lemma 2.2 O

Theorem 2.1 ([33]). Suppose that Assumption 2.1 and Assump-
tion 2.2 are satisfied, and consider any method satisfying Egs.

(2) and (3), where @, is obtained with the SW conditions (13)
and (14). If

D ligall? < oo, @1)
n=0

then
lim inf [|g,]| = O. (22)

Proof. Suppose Eq. (22) is not true, then there exists a constant
u > 0 such that:

llgnll > u, Vn. (23)
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Using Eq. (10) with k£ given by Eq. (15), Egs. (21) and (23), we

have
[o] 4 (o8] 4
u
Z < Z IlgnIIT
Il |l |l

n=0

IA

S (1 - 0)*(gld,)?
ZO [EAlS
S (1 - 0)2(gld,)?
Zg (Al

i (1= 0)?lgull* lld,l?
g lld,lI*

IA

= (1= > llgal?,
n=0

= 09,

which contradicts Lemma 2.2. Thus, lim, ., inf ||g,|| = 0. O

3. NUMERICAL RESULTS AND DISCUSSION

In this section, a report on the performance of the HDYDL
method in comparison with the DY and DL methods is presented.
To further validate the method’s efficiency, it is compared to the
NM method, a recently proposed Dai-Liao-type CGM given by
Akinduko [21].

A total of 20 unconstrained optimization problems taken from
Bongartz et al. [34] and Andrei [35] were solved. For each
solved test problem (TP), four initial points and dimensions
(Dim) ranging from 5000 to 10000 were considered, totaling 158
computations. The computations were carried out on a computer
with the following specifications: 4 GB of RAM, 2.2 GHz pro-
cessor speed, and the Windows 10 operating system. The ba-
sis of comparison includes the computational time (CPU) and
the number of iterations. The iterations were terminated when
llg.ll < 1076 or the number of iterations went beyond 2000. The
notation "F" is used to denote a failed iteration. For the step size
computation, the SW search technique was used.

Table 1 presents the solved test problems and their initial
points, while Tables 2—5 give the details of the numerical results.
In the presentation of results in Tables 2-5, the form (a — b) is
used in the column labeled TP, where TP represents a particular
solved test problem, a denotes the serial number of the TP as it
appears in Table 1, and b denotes the initial point accompanying
a as it appears in Table 1. Figures 1 and 2 depict the CPU and
the iteration profiles, respectively. This is based on the method of
Dolan & More [36]. The y-axes of the Figures show the percent-
age of successfully solved problems, while the top curve repre-
sents the fastest method. Based on this fact, the percentages for
the compared methods are recorded: 100% for HDYDL, 88.6%
for DY, 70.3% for DL, and 74.7% for NM. These results demon-
strate that the HDYDL method is the most successful of the four
under consideration, solving every test problem regardless of the
starting point. The DY and NM methods follow this, while the
DL method lags in performance.

4. CONCLUSION
This work investigates the global convergence properties of the
Dai-Liao-type CGM for unconstrained optimization problems.

It looked into the convergence requirements, such as termination
criteria, descent directions, and reduction of the objective func-
tion. This work adds to the increasing body of knowledge on
optimization techniques by concentrating on the Dai-Liao-type
CGM. It provides practitioners with useful information to help
them select efficient strategies for solving unconstrained opti-
mization problems. The numerical experiments serve as prac-
tical validation, bridging the gap between theory and real-world
applicability. Comparing the HDYDL approach to the DY, DL,
and NM methods, the results show how resilient and reliable the
HDYDL method is in locating global optimal solutions.
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